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Abstract. We show that for any topological dynamical system with approx-
imate product property, the set of points whose forward orbits do not accu-
mulate to any point in a large set carries full topological pressure.
1. Introduction
Let (X, d) be a compact metric space and f : X → X be a continuous map. For
x ∈ X , denote the forward orbit of x by
Of (x) := {f
n(x) : n ∈ N}.
For a subset Z ⊂ X , denote the set of points whose forward orbits do not accumulate
to any point in Z by
N (f, Z) := {x ∈ X : Of (x) ∩ Z = ∅}.
The points in N (f, Z) have non-dense (forward) orbits. Study of such sets of non-
dense orbits has motivation in homogeneous dynamics, where it is connected to
Diophantine approximation. The Hausdorff dimensions of such sets are intensively
investigated, which sometimes led to interesting results in number theory and other
fields. For example, see [10, 11, 12, 22, 21, 6, 23, 2, 19, 1, 3]. Similar results are also
established for more general hyperbolic or partially hyperbolic systems [33, 9, 14,
20, 32, 35, 36, 37]. Non-dense orbits are also closely related to irregular behaviors.
[15, 16] contain an elaborated classification of the sets exhibiting various statistical
behaviors as well as a multifractal analysis on them for hyperbolic systems.
In this article we illustrate a new approach, which studies the topological entropy
and topological pressure carried by N (f, Z) from approximate product property, a
very weak variation of Bowen’s specification property [5]. We show that there is a
mechanism that produces plenty of disjoint compact f -invariant sets which consist
of various non-dense orbits. Approximate product property was introduced by
Pfister and Sullivan [28], which is almost the weakest specification-like property [24,
30, 31]. While Bowen’s original specification property requires strong hyperbolicity,
approximate product property is compatible with certain non-hyperbolic behaviors.
We perceive that systems with approximate product properties (APP systems for
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short) have delicate structures in many senses and the author has obtained some
interesting results [30, 31].
Let φ : X → R be a continuous potential function. For any subset Y ⊂ X , denote
by P (Y, f, φ) and h(Y, f) = P (Y, f, 0) the topological pressure and the topological
entropy on Y . Denote by P (f, φ) := P (X, f, φ) and h(f) := h(X, f) the topological
pressure and topological entropy of the system. We state the main result of the
article as follows.
Theorem 1.1. Let (X, f) be an APP system with positive topological entropy and
φ : X → R be a continuous potential function. Suppose that Z =
⋃n
i=1 Zi is a finite
union of subsets of X such that for each i = 1, · · · , n, one of the following holds:
(1) Zi is any single forward orbit.
(2) For any given µi ∈ M(X, f), Zi consists of all points whose empirical
measures accumulate to µi. In particular, Zi may contain all generic points
for µi.
(3) Zi is any compact f -invariant subset of X such that M(Zi, f) 6=M(X, f).
(4) Zi consists of the points with weak Ki-behavior, where Ki is any compact
subset of a proper weak face (see Definition 4.1 and 4.6).
Then P (N (f, Z), f, φ) = P (f, φ). In particular, h(N (f, Z), f) = h(f).
The case of Z in Theorem 1.1 is just a noteworthy instance but not all of them.
Our key result is Theorem 3.5. In this article we adopt Pesin-Pitskel’s definition of
topological pressures on non-compact sets. See [26] or [27] for details. Results in
this article remain valid if another definition (e.g. by (n, ε)-separated sets [34]) of
P (Y, f, φ) is adopted as long as it coincides with Pesin-Pitskel’s definition whenever
Y is compact and f -invariant, i.e. f(Y ) ⊂ Y . They also remain valid if φ is
replaced by an asymptotically additive potential Φ introduced in [17], as long as
the integral of the potential is continuous. Moreover, by [31], an APP system with
zero topological entropy must be uniquely ergodic. In this case every point is generic
for the unique ergodic measure hence N (f, Z) may be empty. Finally, we notice
that [38] contains a similar result for the case that the system has specification
property and Z consists of just a single non-transitive point.
APP systems form a broad class that includes most familiar systems. The fol-
lowing provides an incomplete list of them, to which our results apply:
(1) Transitive sofic shifts;
(2) β-shifts;
(3) Ergodic toral automorphisms;
(4) Transitive graph maps;
(5) A homogeneneous system (G/Γ, g), where G is connected semisimple Lie
group without compact factors, Γ is an irreducible cocompact lattice of G
and g ∈ G is non-quasiunipotent [18];
(6) Every C0-generic map f on a compact Riemannian manifold restricted to
every chain-recurrent class C for f [4];
(7) Certain partially hyperbolic diffeomorphisms, e.g. transitive time-1 maps
of Anosov flows;
(8) A product of an APP system and a system with tempered specification
property, e.g. the product of an irrational rotation and an ergodic toral
automorphism;
(9) Factors and conjugates of above systems.
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Note that for symbolic systems Theorem 1.1 and Theorem 3.5 directly yield the
corresponding results on the Hausdorff dimension of N (f, Z), which generalize [14,
Theorem 1]. Moreover, in the above list there are certain homogeneous systems.
Our results for these systems are in some sense related to the conjectures of Margulis
[25].
Theorem 1.1 is a direct corollary of Theorem 3.5 and Proposition 4.10. Note that
among the cases of Zi in Theorem 1.1, Case (2) covers Case (1) and by Lemma 4.9,
Case(4) covers Case (3). We shall introduce our notations in Section 2. Then we
focus on APP systems in Section 3. Finally we explain the other notions involved
in Theorem 1.1 and complete the proof of the theorem in the last section.
2. Notations
Let (X, f) be a topological dynamical system. Denote by M(X) the space of
probability measures on X , by M(X, f) the subspace of all invariant probability
measures for (X, f) and by Me(X, f) the subset consisting of the ergodic ones.
As X is compact, both M(X) and M(X, f) are compact metrizable spaces in the
weak-∗ topology [34, Theorem 6.5 and Theorem 6.10].
Denote by D a metric on M(X) that induces the weak-∗ topology on M(X).
Denote
K(X, f) := {K : K is compact subset of M(X, f)}.
Then K(X, f) is a compact metric space with the Hausdorff metric
DH(K1,K2) := max{max
µ∈K1
min
ν∈K2
D(µ, ν), max
ν∈K2
min
µ∈K1
D(µ, ν)}.
Denote by Z+ the set of all positive integers. For x ∈ X and n ∈ Z+, we define
the empirical measure E(x, n) such that
∫
φdE(x, n) :=
1
n
n−1∑
k=0
φ(fk(x)) for every φ ∈ C(X).
Denote
Ω(x) := {µ ∈ M(X) : µ is a weak-∗ accumulation point of {E (x, n)}∞n=1 } .
Then every µ ∈ Ω(x) is an invariant measure and Ω(x) is closed. Hence Ω(x) ∈
K(X, f) for every x ∈ X .
Denote by hµ(f) the metric entropy of (X, f) with respect to µ ∈ M(X, f) and
by Pµ(f, φ) := hµ(f) +
∫
φdµ the pressure of µ. When Y is a compact f -invariant
set, the topological entropy and topological pressure can be calculated with (n, ε)-
separated subsets of Y and we denote by h(Y, f, ε) and P (Y, f, φ, ε) their values at
the scale ε. It holds that
P (Y, f, φ) = sup{P (Y, f, φ, ε) : ε > 0} = sup {Pµ(f, φ) : µ ∈M(Y, f)} .
Readers are referred to the books [27] and [34] for more details on measures,
entropy and pressure.
3. Approximate Product Property
Definition 3.1. The system (X, f) is said to have approximate product property,
or called an APP system, if for every ε, δ1, δ2 > 0, there is N > 0 such that for
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every n ≥ N and every sequence {xk}∞k=1 in X , there exist an increasing sequence
{sk}∞k=1 of integers and z ∈ X such that
s1 = 0 and n ≤ sk+1 − sk < n(1 + δ1) for each k ∈ Z
+, and
∣∣{0 ≤ j ≤ n− 1 : d(f sk+j(z), f j(xk)) > ε}∣∣ < δ2n for each k ∈ Z+.
Approximate product property is almost the weakest specification-like property.
It is weaker than almost specification property (also called g-almost product prop-
erty), tempered specification property (also called almost weak specification prop-
erty or weak specification property), gluing orbit property, etc. More detailed
discussions on specification-like properties can be found in [13], [24], [30] and [31].
The following is an essential fact for APP systems, which is an improved version
of [28, Proposition 2.3 and Theorem 2.1].
Proposition 3.2 ([30, Proposition 5.1]). Let (X, f) be an APP system. Then for
any µ ∈M(X, f), any h ∈ (0, hµ(f)) and any η, ε, δ0 > 0, there are δ ∈ (0, δ0) and
a compact f -invariant subset Λ = Λ(µ, h, η, ε, δ) such that
(1) There is N ∈ Z+ such that D(E(x, n), µ) < η for every x ∈ Λ and every
n > N .
(2) h < h(Λ, f, δ) < h+ ε. In particular, h(Λ, f) > h.
Corollary 3.3. Let (X, f) be an APP system and φ be a continuous potential.
Then for any µ ∈ M(X, f), any α ∈
(∫
φdµ, Pµ(f, φ)
)
and any η, ε, δ0 > 0, there
are δ ∈ (0, δ0) and a compact f -invariant subset Λ = Λφ(µ, α, η, ε, δ) such that
(1) There is N ∈ Z+ such that D(E(x, n), µ) < η for every x ∈ Λ and every
n > N .
(2) α < P (Λ, f, φ, δ) < α+ ε. In particular, P (Λ, f, φ) > α.
Proof. By continuity of φ, there is η′ ∈ (0, η) such that
|
∫
φdν −
∫
φdµ| <
ε
3
whenever D(ν, µ) < η′. (1)
We may assume that α+ ε ≤ Pµ(f, φ). Then
α−
∫
φdµ+
ε
3
< hµ(f).
Let δ ∈ (0, δ0) and
Λ := Λ
(
µ, α−
∫
φdµ+
ε
3
, η′,
ε
3
, δ
)
be as obtained from Proposition 3.2. Then Condition (1) in Corollary 3.3 is satisfied
as η′ < η. Moreover, by (1), we have
P (Λ, f, φ, δ) ≥ h(Λ, f, δ) + inf
{∫
φdν : ν ∈M(Λ, f)
}
>
(
α−
∫
φdµ+
ε
3
)
+
(∫
φdµ−
ε
3
)
= α
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and
P (Λ, f, φ, δ) ≤ h(Λ, f, δ) + sup
{∫
φdν : ν ∈M(Λ, f)
}
<
(
α−
∫
φdµ+
ε
3
)
+
ε
3
+
(∫
φdµ+
ε
3
)
= α+ ε.

Remark 3.4. Note that the first conditions in Proposition 3.2 and Corollary 3.3
imply that for every x ∈ Λ, we have
D(µ, ν) ≤ η for every ν ∈ Ω(x),
and hence DH({µ},Ω(x)) ≤ η.
Let Z be a subset of X . Denote
Ω(Z) := {Ω(x) : x ∈ Z} ⊂ K(X, f).
and
P⊥f,φ(Z) := sup
{
Pµ(f) : {µ} /∈ Ω(Z), µ ∈ M(X, f)
}
,
where the closure of Ω(Z) is taken with respect to the DH metric on K(X, f). In
particular, we put P⊥f,φ(Z) := 0 if Ω(Z) =M(X, f).
Theorem 3.5. Let (X, f) be an APP system with positive topological entropy and
φ be a continuous potential. Then for any subset Z of X, we have
P (N (f, Z), f, φ) ≥ P⊥f,φ(Z).
Proof. If Ω(Z) =M(X, f) then P⊥f,φ(Z) = 0. The result is trivial.
Otherwise, for every α < P⊥f,φ(Z), there is µ ∈M(X, f) such that
{µ} /∈ Ω(Z) and Pµ(f) > α.
As Ω(Z) is compact, there is η > 0 such that
η < min
{
DH ({µ},K) : K ∈ Ω(Z)
}
. (2)
Take any ε > 0. By Corollary 3.3 and Remark 3.4, there is a compact f -invariant
set Λ such that
DH({µ},Ω(x)) ≤ η for every x ∈ Λ (3)
and
P (Λ, f, φ) > Pµ(f, φ) − ε.
We claim that Λ ∩ Z = ∅. Suppose that y ∈ Λ ∩ Z. By (3), y ∈ Λ implies that
DH ({µ},Ω(y)) ≤ η.
But by (2), y ∈ Z implies that
DH({µ},Ω(y)) ≥ min
{
DH ({µ},K) : K ∈ Ω(Z)
}
> η.
This is a contradiction.
As Λ is compact and f -invariant, we have Of (x) ⊂ Λ for every x ∈ Λ. This
implies that Λ ⊂ N (f, Z). Then
P (N (f, Z), f, φ) ≥ P (Λ, f, φ) > Pµ(f, φ)− ε > α− ε.
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As α < P⊥f,φ(Z) and ε > 0 are arbitrarily taken, we have
P (N (f, Z), f, φ) ≥ P⊥f,φ(Z).

Let µ ∈M(X, f) and η > 0. Denote
B(µ, η) := {ν : D(ν, µ) < η}.
If Ω(x) * B(µ, η) for every x ∈ Z, then {µ} /∈ Ω(Z) and P⊥f,φ(Z) ≥ Pµ(f, φ). The
following is a direct corollary of Theorem 3.5.
Corollary 3.6. Let (X, f) be an APP system with positive topological entropy and
φ be a continuous potential. Let µ ∈ M(X, f). Suppose that there is η > 0 such
that Ω(x) * B(µ, η) for every x ∈ Z. Then
P (N (f, Z), f, φ) ≥ Pµ(f, φ).
In particular, if µ is an equilibrium state of (X, f, φ), then
P (N (f, Z), f, φ) = P (f, φ).
We remark that it is possible that P⊥f,φ(Z) = 0 when Z is countable. For example,
suppose that the system (X, f) has periodic tempered gluing orbit property (e.g.
a quasi-hyperbolic toral automorphism). Then the ergodic measures supported on
periodic orbits are dense in M(X, f), hence Ω(Z) =M(X, f) if Z is the countable
set consisting of all periodic points. This case is beyond the limitation of our
approach.
4. Weak Faces
Definition 4.1 (cf. [8]). A convex subset L ofM(X, f) is called a weak face if for
any µ ∈ L, µ = λν1 + (1 − λ)ν2 for λ ∈ (0, 1) and ν1, ν2 ∈ M(X, f) implies that
ν1, ν2 ∈ L. We say that L is proper if L 6=M(X, f).
Remark 4.2. Existence of nonempty proper weak face requires that (X, f) is not
uniquely ergodic.
Lemma 4.3. Let L = {Lθ}θ∈I be any family of weak faces. Then both
⋃
θ∈I Lθ
and
⋂
θ∈I Lθ are weak faces.
Proof. Let µ ∈
⋃
θ∈I Lθ, µ = λν1 + (1 − λ)ν2 for λ ∈ (0, 1) and ν1, ν2 ∈ M(X, f).
Then there is θ0 such that µ ∈ Lθ0. As Lθ0 is a weak face, we must have
ν1, ν2 ∈ Lθ0 ⊂
⋃
θ∈I
Lθ.
So
⋃
θ∈I Lθ is a weak face.
Let µ ∈
⋂
θ∈I Lθ, µ = λν1 + (1 − λ)ν2 for λ ∈ (0, 1) and ν1, ν2 ∈ M(X, f). For
each θ ∈ I, we have µ ∈ Lθ and Lθ is a weak face, hence ν1, ν2 ∈ Lθ. This implies
that ν1, ν2 ∈
⋂
θ∈I Lθ. So
⋂
θ∈I Lθ is a weak face. 
Lemma 4.4. If L =
⋃∞
i=1 Li and each Li is a proper weak face, then L is proper.
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Proof. Fix any µ0 ∈M(X, f). For each i, take µi ∈ M(X, f)\Li. Let
µn := (1− 2
−n)µ0 +
n∑
i=1
2−iµi ∈ M(X, f).
Then {µn}∞n=1 converges to some µ ∈ M(X, f). For each i and each n > i, we can
write
µn = (1 − 2
−i)νi,n + 2
−iµi,
where
νi,n :=
1
1− 2−i

(1− 2−n)µ0 + ∑
j∈{1,··· ,n}\{i}
2−jµj

 ∈M(X, f).
Then {νi,n}
∞
n=1 converges to some νi ∈M(X, f) and
µ = (1− 2−i)νi + 2
−iµi.
This implies that µ /∈ Li as µi /∈ Li for each i. So µ /∈ L =
⋃∞
i=1 Li, hence
L 6=M(X, f). 
Corollary 4.5. Let K :=
⋃n
i=1Ki such that each Ki is a compact subset of a
proper weak face. Then K is also a compact subset of a proper weak face.
Definition 4.6. Let x ∈ X and K be a subset of M(X, f). We say that x has
weak K-behavior if Ω(x) ∩K 6= ∅. We denote by by H(K) the set consisting of all
points with weak K-behavior.
Following [8], we say that x has K-behavior if Ω(x) ⊂ K, and x is a point
without K-behavior if Ω(x) ⊂ M(X, f)\K (we are aware that this notion is a bit
misleading). By definition, x is a point withoutK-behavior if and only if x /∈ H(K).
In particular, we have N (f,H(K)) ⊂ H(K)c, i.e. every x ∈ N (f,H(K)) is a point
without K-behavior.
Definition 4.7. A subset C of X is called the measure center of the system (X, f)
if C is the smallest closed subset such that µ(C) = 1 for any µ ∈M(X, f).
Lemma 4.8. For any system (X, f) and any compact f -invariant subset Y , the
following are equivalent:
(1) M(Y, f) 6=M(X, f).
(2) Y does not include the measure center of (X, f).
(3) There is µ ∈ M(X, f) such that µ(Y ) < 1.
Lemma 4.9. If Y is a compact f -invariant subset such that M(Y, f) 6=M(X, f),
then Y ⊂ H(M(Y, f)) and M(Y, f) is a compact proper weak face.
Proof. As Y is compact and f -invariant, (Y, f) is a subsystem. Hence M(Y, f)
is a compact subset of M(X, f) and it is a weak face. For every x ∈ Y we have
Ω(x) ⊂ M(Y, f). This implies that Y ⊂ H(M(Y, f)). As Y does not include the
measure center of (X, f), we have M(Y, f) 6= M(X, f). So M(Y, f) is a compact
proper weak face. 
We say that x is a generic point for µ ∈M(X, f) if Ω(x) = {µ}. Note that µ is
not necessarily an ergodic measure to have generic points. The singleton {µ} may
not be included in a proper weak face. In Case (2) of Theorem 1.1, Zi consists of
all points whose empirical measures accumulate to µi if and only if Zi = H({µi}).
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But this is not covered by Case (4) in the theorem. In the following proposition we
consider the two cases separately.
Proposition 4.10. Suppose that (X, f) is not uniquely ergodic. Let U :=
⋃m
i=1 Ui
such that for each i we have Ui = H({µi}) for an invariant measure µi ∈M(X, f).
Let V :=
⋃n
j=1H(Kj) such that each Kj is a compact subset of a proper weak face
Lj. Let Z := U ∪ V . Then P
⊥
f,φ(Z) = P (f, φ).
Proof. Take any α < P (f, φ). There is an invariant measure µ such that Pµ(f, φ) >
α. Let L :=
⋃n
j=1 Lj. As (X, f) is not uniquely ergodic, by Lemma 4.4, we can
find µ0 ∈ M(X, f)\L such that µ0 6= µ. Then there is θ ∈ (0, 1) such that for
µ′ := θµ+ (1 − θ)µ0 we have
Pµ′ (f, φ) > α and µ
′ /∈ {µi : i = 1, · · · ,m}.
For each j, as Lj is a weak face and either µ /∈ Lj or µ0 /∈ Lj holds, we must have
µ′ /∈ Lj . Hence µ′ /∈ L.
Let
K := {µi : i = 1, · · · ,m} ∪

 n⋃
j=1
Kj

 .
Then K is compact and µ′ /∈ K. There is η > 0 such that D(µ′, ν) > η for every
ν ∈ K.
For every x ∈ U , we have µi ∈ Ω(x) for some i. Then
DH ({µ
′},Ω(x)) ≥ D(µ′, µi) > η.
For every x ∈ V , we have Ω(x) ∩Kj 6= ∅ for some j. Then
DH({µ
′},Ω(x)) ≥ min{D(µ′, ν) : ν ∈ Kj} > η.
So
DH({µ
′},Ω(x)) > η for every x ∈ Z.
This implies that {µ′} /∈ Ω(Z). Then
P⊥f,φ(Z) ≥ Pµ′ (f, φ) > α.
As α is arbitrary, we have P⊥f,φ(Z) = P (f, φ). 
By [31], APP systems with positive topological entropy are not uniquely er-
godic. So Proposition 4.10 holds for such systems and verifies Theorem 1.1 based
on Theorem 3.5.
The following example provides a motivation of our consideration of compact
subsets of weak faces. It also indicates that our approach may have more applica-
tions.
Example 4.11. Let M be a compact Riemannian manifold, f : M → M be a
C1 diffeomorphism with a dominated splitting TM = E ⊕ F and (M, f) is an
APP system. Assume that the Lyapunov exponents are non-positive along E and
non-negative along F . Then by [7] and [8], the set PL(f) consisting of all physical-
like measures is a compact subset of a weak face (the set consisting of all invariant
measures satisfying Pesin entropy formula). In this setting we are able to generalize
the results in [8]. A simple example of such a system that is not covered by [8] is
the product of an irrational rotation and a quasi-hyperbolic toral automorphism.
Note that when Z = H (PL (f)) is the set of all points with weak PL(f)-behavior,
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the points in N (f, Z) are not just without physical-like behavior but also have the
forward orbits that do not accumulate to any point in Z.
Acknowledgments
This work is supported by National Natural Science Foundation of China (No.
11571387) and CUFE Young Elite Teacher Project (No. QYP1902). The author
would like to thank Jinpeng An for fruitful discussions and would also like to thank
Xueting Tian and Ercai Chen for helpful comments.
References
[1] J. An, A. Ghosh, L. Guan and T. Ly, Bounded orbits of Diagonalizable Flows on finite volume
quotients of products of SL2(R). Advances in Mathematics, 354 (2019), to appear.
[2] J. An, L. Guan and D. Kleinbock, Bounded orbits of Diagonalizable Flows on
SL3(R)/SL3(Z). Int. Math. Res. Not. 2015, no. 24, 13623–13652.
[3] J. An, L. Guan and D. Kleinbock, Nondense orbits on homogeneous spaces and applications
to geometry and number theory, preprint, 2020, arXiv:2001.05174.
[4] M. Bessa, M. J. Torres and P. Varandas, On the periodic orbits, shadowing and strong
transitivity of continuous flows. Nonlinear Analysis, 175 (2018), 191–209.
[5] R. Bowen, Periodic points and measures for Axiom A diffeomorphisms. Trans. Amer. Math.
Soc. 154 (1971), 377–397.
[6] R. Broderick, L. Fishman and D. Kleinbock, Schmidt’s game, fractals, and orbits of toral
endomorphisms. Ergod. Th. & Dynam. Sys. 31 (2011), 1095–1107.
[7] E. Catsigeras, M. Cerminara and H. Enrich, Pesin’s entropy formula for C1 diffeomorphisms
with dominated splitting. Ergod. Theory Dyn. Syst. 35(03), 2015, 737–761.
[8] E. Catsigeras, X. Tian and E. Vargas, Topological Entropy on Points without Physical-like
Behaviour. Mathematische Zeitschrift, 2018.
[9] Y. M. Chung, The Largeness of Sets of Points with Non-Dense Orbit in Basic Sets on
Surfaces. Proceedings of the American Mathematical Society, 1996, 124(5), 1615–1624.
[10] S. G. Dani, Divergent trajectories of flows on homogeneous spaces and Diophantine approx-
imation. J. Reine Angew. Math. 359 (1985), 55–89, 102.
[11] S. G. Dani, Bounded orbits of flows on homogeneous spaces. Comment. Math. Helv. 61(1)
(1986), 636–660.
[12] S. G. Dani, On orbits of endomorphisms of tori and the Schmidt game. Ergod. Th. & Dynam.
Sys. 8(4) (1988), 523–529.
[13] M. Denker, C. Grillenberger and K. Sigmund, Ergodic theory on compact spaces, Lecture
Notes in Mathematics. Vol. 527. Springer-Verlag, Berlin-New York, 1976.
[14] D. Dolgopyat, Bounded orbits of Anosov flows. Duke Math. J. 87(1), 1997, 87–114.
[15] Y. Dong and X. Tian, Different Statistical Future of Dynamical Orbits over Expanding or
Hyperbolic Systems (I): Empty Syndetic Center, preprint, 2017, arXiv:1701.01910.
[16] Y. Dong and X. Tian, Different Statistical Future of Dynamical Orbits over Expanding or
Hyperbolic Systems (II): Nonempty Syndetic Center, preprint, 2018, arXiv:1803.06796.
[17] D. Feng and W. Huang, Lyapunov Spectrum of Asymptotically Sub-additive Potentials. Com-
munications in Mathematical Physics, 2010, 297(1), 1–43.
[18] L. Guan, P. Sun and W. Wu, Measures of Intermediate Entropies and Homogeneous Dynam-
ics. Nonlinearity, 30 (2017), 3349–3361.
[19] L. Guan and W. Wu. Bounded orbits of certain diagonalizable flows on SLn(R)/SLn(Z).
Trans. Amer. Math. Soc., 2017, 370(7), 4661–4681.
[20] H. Hu and Y. Yu, On Schmidt’s game and the set of points with non-dense orbits under a
class of expanding maps. Journal of Mathematical Analysis and Applications, 2014, 418(2),
906-920.
[21] D. Kleinbock, Nondense orbits of flows on homogeneous spaces, Ergodic Theory Dynam.
Systems 18 (1998), 373-396.
[22] D. Kleinbock and G. Margulis, Bounded orbits of non-quasiunipotent flows on homogeneous
spaces. Amer. Math. Soc. Transl. 171 (1996), 141–172.
[23] D. Y. Kleinbock and B. Weiss. Modified Schmidt games and a conjecture of Margulis. J.
Modern Dyn. 7 (2013), 429–460.
10 PENG SUN
[24] D. Kwietniak, M. Lacka and P. Oprocha, A panorama of specification-like properties and
their consequences, Contemporary Mathematics, 669 (2016), 155–186.
[25] G. A. Margulis, Dynamical and ergodic properties of subgroup actions on homogeneous spaces
with applications to number theory, in Proceedings of the International Congress of Mathe-
maticians, Vol. I, II (Kyoto, 1990), Math. Soc. Japan, Tokyo, 1991, 193C215.
[26] Y. B. Pesin and B. S. Pitskel, Topological pressure and the variational principle for noncom-
pact sets (english translation). Functional Analysis and its Applications 18 (1984), 307–318.
[27] Y. B. Pesin, Dimension theory in dimensional systems: Contemporary views and applications.
University of Chicago Press, Chicago, 1997.
[28] C-E. Pfister and W.G. Sullivan, Large deviations estimates for dynamical systems without
the specification property. Application to the β-shifts. Nonlinearity, 18 (2005), 237–261.
[29] W. M. Schmidt, On badly approximable numbers and certain games. Transactions of the
American Mathematical Society, 123.1 (1966), 178–199.
[30] P. Sun, Ergodic measures of intermediate entropies for dynamical systems with approximate
product property. preprint, 2019, arXiv:1906.09862.
[31] P. Sun, Unique ergodicity for zero-entropy dynamical systems with approximate product prop-
erty. preprint, 2019, arXiv:1908.01149.
[32] J. Tseng, Nondense orbits for Anosov diffeomorphisms of the 2-torus. Real Anal. Exchange
41(2) (2016), 307–314.
[33] M. Urban´ski, The Hausdorff dimension of the set of points with non-dense orbit under a
hyperbolic dynamical system. Nonlinearity 4(2) (1991), 385–397.
[34] P. Walters, An Introduction to Ergodic Theory. Springer-Verlag, 1982.
[35] W. Wu, Schmidt games and non-dense forward orbits of certain partially hyperbolic systems.
Ergod. Th. & Dynam. Sys. 36(5) (2016), 1656–1678.
[36] W.Wu,Modified Schmidt games and non-dense forward orbits of partially hyperbolic systems.
Discrete Contin. Dyn. Syst. Ser. A 36(6) (2016), 3463–3481.
[37] W.Wu, On non-dense orbits of certain non-algebraic dynamical systems. J. Dynam. Differ-
ential Equations, 30(2), 2018, 501–519.
[38] C. Zhao, Metric Diophantine approximation in dynamical systems. Ph.D. thesis, Nanjing
Normal University, 2018.
E-mail address: sunpeng@cufe.edu.cn
